We examine the pairs of neutrino mixing matrix and suggest pairs that can be used in the construction of new mixing patterns, with "pair" denoting the equality of the modulus of a pair of matrix elements. The results show that the trimaximal mixing in ν2 and the µ-τ interchange symmetry are good choices under current experimental results. The two cases of bipair mixing pattern depend on the mass hierarchy of neutrinos. We also derive constraints on the CP phase by the pairs. The results are compatible with the maximal CP violation in most cases that are both self-consistent and consistent with experimental results.
I. INTRODUCTION
It has been firmly established that neutrinos can transit from one flavor to another from various oscillation experiments. In the framework of three-generation neutrinos, the neutrino mass eigenstates are connected to flavor eigenstates by a unitary matrix, i.e., the PontecorvoMaki-Nakagawa-Sakata (PMNS) matrix [1] . In the standard parametrization, i.e., the Chau-Keung (CK) scheme [2] , the PMNS matrix is expressed as 
where s ij denotes sin θ ij and c ij denotes cos θ ij (i, j = 1, 2, 3). The phase matrix Diag{1, e iα , e iβ } denotes the contribution from the Majorana type neutrinos and the two phases α and β do not manifest themselves in oscillations. Thus, there remain three mixing angles (θ 12 , θ 13 , θ 23 ) and a CP phase δ for the description of neutrino oscillations. While experimental data on three mixing angles have been coming out continuously, there is no direct experimental measurement on δ. Nevertheless, some indirect analyses, including analysis of experiments on reactor and accelerator neutrinos [3] and global fit results [4] , suggest that the CP phase is close to −90
• , 180 • ]). This is in accord with the maximal CP violation, i.e., δ = ±90
• . On the other hand, the search of mixing patterns of the PMNS matrix is a way to understand properties of neutrinos. In the search of mixing patterns, the concept of "pair" is often used, with a "pair" referring to the equality of the modulus of a pair of matrix elements. For example, the long discussed trimaximal mixing in ν 2 [5] can be expressed as three pairs 
where U ij denotes the corresponding element (with row i and column j) of the PMNS matrix, i.e., Eq. (1) . Similarly the µ-τ interchange symmetry [6, 7] can be expressed as
|U 23 | = |U 33 |.
The so-called bipair mixing [8] assigns
as case (1) , and
and it makes a prediction of maximal CP violation δ = ±90
• . Therefore, the pairs would help in the search of new mixing patterns of the PMNS matrix. In order to know which pairs to choose in the construction of new mixing patterns, it is worthwhile to examine which of the pairs in the PMNS matrix are consistent with current experimental results, and whether they are consistent with each other.
What is more, the introduction of each pair produces a constraint on the four parameters of the PMNS matrix. Together with global fit results on three mixing angles, each pair would give a range of the CP phase (as is discussed in Sec. II, there are some exceptions in which the constraints do not include δ). Examinations of these ranges would give information about the consistency among pairs and the consistency between the pairs and the global fit results.
In Sec. II we consider constraints by each single pair separately. By comparing the pair constraints with the natural limit of cos δ, we evaluate their consistency with global fit results. In Sec. III we combine ranges of the pairs to give joint constraints, and discuss their selfconsistency and consistency with global fit results. In Sec. IV we pick out cases that are self-consistent and consistent with experimental results, and compare their ranges to the maximal CP violation. Section V is served for conclusions.
II. SINGLE PAIR CONSTRAINTS
In our article all ranges of δ come from the ranges of cos δ. Thus we only discuss on the assumption that δ ∈ [0
We consider a single pair, for example, |U 21 | = |U 31 |. It gives rise to a relation between cos δ and mixing angles. In the case of 
By inserting the global fit results of mixing angles [4] θ 12 = (33.48
+0.20
θ 23 = (42.3
we obtain the central value and 1σ error of δ, which are cos δ = −0.2009
for normal hierarchy (NH), and cos δ = 0.3362
for inverted hierarchy (IH).
From global fit of 3σ ranges on the magnitude of matrix elements [4] |U | = 
we pick out all pairs whose corresponding matrix elements have overlap in 3σ range, and number them as in Fig. 1 Similar to previous calculations, each pair produces a constraint on cos δ, except pairs 5 10 11 16 17 18 19 . Among them, pair 5 yields
10 , 16 , 19 yield the same relation
and 11 , 17 , 18 all yield
Other results are shown in Fig. 2 . In addition, pairs 12 and 15 produce the same relation between δ and mixing angles, as well as 13 While pair 1 gives a strong constraint on cos δ with the natural limit cos δ ∈ [−1, 1] satisfied as well, it is necessary to point out that some constraints are completely not in agreement with the natural limit. Since the constraints are produced by pairs together with experimental results, it indicates that these pairs are not so consistent with current experimental results. Thus they might not be good choices when considering a new mixing pattern.
We divide the pairs into several classes according to the level of consistency between their constraints and the natural limit of cos δ. These classifications can be regarded as indications of their consistency with the experimental results. The results are shown in Table I .
Together with the natural limit, each of the pairs except 5 10 11 16 17 18 19 gives a constraint on δ. The ranges of δ on the assumption that δ ∈ [0 Fig. 3 .
III. COMBINED PAIR CONSTRAINTS
As is discussed in Sec. II, each pair produces a central value and an error of cos δ. If some of the pairs are supposed to hold simultaneously, their ranges should be regarded as measurements of the same Gaussian distribution of cos δ and should be combined to give an estimation of the distribution.
When combining ranges from different pairs, we adopt standard weighted least-squares procedure advocated by the Particle Data Group [14] . The weighted average and error are
where
with i referring to pairs which are combined. The scale factor is defined as
whose expectation value is 1 since the expectation value of χ 2 is N − 1. For cases with S > 1, we also calculate scaled output errors, which are
The reason is as follows: the relatively large value of χ 2 is likely to be due to underestimation of errors in some of the measurements. Not knowing which of the input errors are underestimated, we assume they are all underestimated by the same factor S. If we scale up all the input errors by S, the χ 2 becomes N − 1, and the output error scales up by the same factor. What is more, the p-value of the combination is calculated (with unscaled input errors), and the corresponding confidence level serves to indicate exclusion level about self-consistency of the combination.
A. µ-τ symmetry and trimaximal mixing First we combine pairs from the trimaximal mixing (i.e., pairs 2 3 4 ) to explore a joint constraint on cos δ by this phenomenological relation. According to Eqs. (29)-(32), the range of cos δ and confidence level of exclusion are calculated and listed in Table II (NH) and  Table III (IH). In the table we also classify consistency between the results and the natural limit by the same labels used in Table I .
The same procedure is performed considering the µ-τ symmetry and the combination of the two relations. Here some explanation is necessary. Obviously, pair 5 has no influence on cos δ. When combined with other pairs, it simply contributes ∆χ 2 = (θ 23 − 45 Table II , we find that the three cases all give ranges compatible with the maximal CP violation (cos δ = 0) in 1σ errors, regardless of whether errors are scaled or not.
On the other hand, Table III shows that the µ-τ symmetry and the trimaximal mixing give ranges compatible with the maximal CP violation in 2σ (unscaled)/1σ (scaled) and 3σ (unscaled)/2σ (scaled) errors, respectively. The combination of the two relations fits the maximal CP violation well. However, the three cases in IH all lead to low p-values, indicating a low self-consistency of the combinations in IH.
B. Bipair combination
In this part we consider all bipair combinations. That is, any two pairs in Sec. II are considered to examine their consistency and constraints on δ.
However, not all of the pairs are suitable for combination: similar to pair 5 , 10 It is worthwhile to point out that in the search for new mixing patterns, two pairs may automatically imply a third one. For example, pairs 2 3 contain the same matrix element U 22 , and it leads to another pair |U 12 | = |U 32 |, which is 4 . Another example is that any two of the pairs in the µ-τ symmetry would lead to the third one due to the unitarity of the mixing matrix. However, the combined results of 2 3 are different from that of 4 , according to Tables IV, V and Fig. 2 .
The reason is that the implication of a third pair is based on the condition that the two pairs hold precisely, i.e., the modulus of elements of each pair are precisely equal to each other. But for experimental results, pairs hold with errors. Therefore, pairs 2 3 do not necessarily imply the third pair 4 . Another example can be seen from Eq. (23): while pairs 6 8 both hold in 3σ errors, the corresponding "third pair," i.e., |U 21 | = |U 23 | does not hold in 3σ error. Therefore we do not consider correlations among pairs in our discussion due to the presence of experimental errors.
While a total number of 55 cases are listed in Tables IV and V, not all of them are self-consistent. When regarding 3σ as a dividing line of self-consistency (i.e., regarding p-value>0.0027 as self-consistent), there are 39 cases in NH and 33 cases in IH that are self-consistent. The overall self-consistency in NH exceeds that in IH slightly.
Moreover, many cases give constraints on cos δ that are not consistent with natural limit cos δ ∈ [−1, 1]. Number of cases with central value cos δ ∈ [−1, 1]-namely cases over 3 level-are less than half of the total. The number in NH is 25, and in IH is 23.
The numbers of cases both self-consistent and consistent with natural limit are 18 in NH and 13 in IH. If we have a close look at these cases, we would find them consistent with the maximal CP violation in 3σ error range, except for 2 4 in IH and with an unscaled error. Especially, within all 18 cases in NH, 11 of them are compatible with the maximal CP violation within 1σ range, whether the errors are scaled or not. The detailed results are listed in Table VIII (NH) and Table IX (IH) in Sec. IV.
C. Tripair combination
Similarly we consider all tripair combinations among 1 -9 & 12 -15 . For there are too many combination cases (286 in total) but most of them are not selfconsistent (over 3σ exclusion level), we do not list combinations over 3σ exclusion in both NH and IH. The results are listed in Table VI (NH) and Table VII (IH) . 
IV. CHECKING THE MAXIMAL CP VIOLATION
In this section we compare constraints by the pairs to the maximal CP violation. We include all cases that are self-consistent and over 3 level and discuss separately in NH and IH.
For each case, we list the deviation from the maximal CP violation for both unscaled and scaled errors. The results are listed in Table VIII (NH) and Table IX (IH) . 
Pairs included
Exclusion level of self-consistency Natural limit consistency Deviation from the maximal CP violation Unscaled Scaled Unscaled Scaled As is mentioned in the previous section, combinations in NH tend to be slightly more self-consistent. All of the cases in NH are compatible with the maximal CP violation in 3σ range, while 3 exceptions are found in IH with errors unscaled. What is more, cases in NH seem to be more consistent with the maximal CP violation, since the majority of the cases (36 in 57 cases) deviate from the maximal CP violation within 1σ range, even when errors are not scaled. However, in IH only 6 in all 33 cases are compatible with the maximal CP violation in 1σ with unscaled errors. When errors are scaled, the number increases to 15.
V. CONCLUSIONS
From the examination of the pairs, we find that some of the pairs are not so consistent with the experimental results, and that some of the pairs are not consistent with each other when combined together. When seeking for new mixing patterns, these cases are not good choices. On the other hand, some of the cases agree with current experimental results and are self-consistent as well, such as the trimaximal mixing case and the µ-τ symmetry. They can act as a starting point when constructing a new mixing pattern. While the first case of the bipair mixing (i.e., 4 8 ) is a good choice only in NH and the second case 3 9 is good only in IH.
In addition, the examination provides information about the constraint on the CP phase by pairs. Especially, among cases that are both self-consistent and consistent with the natural limit, a majority of them are compatible with the maximal CP violation. It is necessary to point out that when deriving the range of the CP phase in Fig. 3 • from analysis in Ref. [3] and global fit results.
